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2I. INTRODUCTION
Recently, scientists have focused their attention to the black hole solutions in various alternative theories of gravity,
particularly theories of gravitation with background scalar and pseudo-scalar fields. In the low energy effective action,
usually string theory based-models are comprised of two massless scalar fields, the dilaton and the axion (see, e.g.,
[1]). Sur, Das and SenGupta [2] employed the dilaton and axion fields coupled to the electromagnetic field in a
more generalized coupling with Einstein and Maxwell theory in four dimensions in the low energy action. Exploiting
this new idea, they have found asymptotically flat and non-flat dilaton-axion black hole solutions. The vacuum
expectation values of the various moduli of compactification are responsible for these couplings. These black hole
solutions have been studied extensively in the literature, e.g., their thermodynamics has been investigated [3], thin-
shell wormholes have been constructed from charged black holes in generalized dilaton-axion gravity [4], the energy
of charged black holes in generalized dilaton-axion gravity has been calculated [5], the statistical entropy of a charged
dilaton-axion black hole has been examined [6], and the superradiant instability of a dilaton-axion black hole under
scalar perturbation has been investigated [7]. Among various properties of such black hole solutions, a subject of
great interest is the study of the behaviour of a test particle in the gravitational field of such black holes.
In this paper, we study the behaviour of the time-like and null geodesics in the gravitational field of a charged
black hole in generalized dilaton-axion gravity. The solution under study describes an asymptotically flat black hole
and the motions of both massless and massive particles are analyzed. The effective potentials are calculated and
plotted for various parameters in the cases of circular and radial geodesics. The motion of a charged test particle
in the gravitational field of a charged black hole in generalized dilaton-axion gravity is also investigated using the
Hamilton-Jacobi approach.
The present paper has the following structure: in Section 2 the charged black hole metric in generalized dilaton-
axion gravity is presented. Section 3 focuses on the geodesic equation in the cases of massless particle motion (L = 0)
and massive particle motion (L = −1). In Section 4 the effective potential is studied in both cases of the massless
and the massive particle. Section 5 is devoted to the study of the motion of a test particle in static equilibrium as
well as in non-static equilibrium. For the latter case, a chargeless (e = 0) and a charged test particle are considered.
Finally, in Section 6, the results obtained in this paper are discussed.
II. CHARGED BLACK HOLE METRIC IN GENERALIZED DILATION-AXION GRAVITY
Recently, Sur, Das and SenGupta [2] have discovered a new black hole solution for the Einstein-Maxwell scalar field
system inspired by low energy string theory. In fact, they have considered a generalized action in which two scalar
fields are minimally coupled to the Einstein-Hilbert-Maxwell field in four dimensions (in the Einstein frame, see, e.g.
[8] and [9]) having the form
I =
1
2κ
∫
d4x
√−g
[
R− 1
2
∂µϕ∂
µϕ− ω(ϕ)
2
∂µζ∂
µζ − α(ϕ, ζ)FµνFµν − β(ϕ, ζ)Fµν ∗ Fµν
]
, (1)
where κ = 8piG, R is the curvature scalar, Fµν describes the Maxwell field strength and ϕ, ζ are two massless scalar
/ pseudo-scalar fields depending only on the radial coordinate r which are coupled to the Maxwell field through the
functions α and β. Here, ζ acquires a non minimal kinetic term of the form ω(ϕ) due to its interaction with ϕ (ϕ, ζ
can be identified with the scalar dilaton field and the pseudo-scalar axion field respectively), while ∗Fµν = 12εµνκλFκλ
is the Hodge-dual Maxwell field strength.
Indeed, with the action described by Eq. (1), a much wider class of black hole solutions has been found, whereby
two types of metrics, asymptotically flat and asymptotically non flat, for the black hole solutions have been obtained.
For our study we use the asymptotically flat solution to analyze the behaviour of massive and massless test particles
around a spherically symmetric, charged black hole in generalized dilaton-axion gravity. The asymptotically flat metric
considered is given by
ds2 = −f(r)dt2 + dr
2
f(r)
+ h(r)dΩ2, (2)
with
f(r) =
(r − r−)(r − r+)
(r − r0)(2−2n)(r + r0)2n (3)
and
h(r) =
(r + r0)
2n
(r − r0)(2n−2) . (4)
3In Eqs. (3) and (4), according to [2], in order to have non-trivial ϕ and ζ fields, the exponent n is a dimensionless
constant strictly greater than 0 and strictly less than 1. The other various parameters are given as follows:
r± = m0 ±
√
m20 + r
2
0 −
1
8
(
K1
n
+
K2
1− n
)
, (5)
r0 =
1
16m0
(
K1
n
− K2
1− n
)
, (6)
m0 = m− (2n− 1)r0, (7)
K1 = 4n[4r
2
0 + 2r0(r+ + r−) + r+r−], (8)
K2 = 4(1− n)r+r−, (9)
and
m =
1
16r0
(
K1
n
− K2
1− n
)
+ (2n− 1)r0, (10)
where m is the mass of the black hole and 0 < n < 1. The parameters r+ and r− determine the inner and outer
event horizons respectively. Also, for r = r0 there is a curvature singularity and the parameters obey the condition
r0 < r− < r+.
III. GEODESIC EQUATION
The geodesic equation for the metric (2) describing the motion in the plane θ = pi2 is as follows [10](
dr
dτ
)2
= Lf(r) + E2 − J
2f(r)
h(r)
, (11)
dφ
dτ
=
J
h(r)
, (12)
dt
dτ
=
E
f(r)
, (13)
where L is known as the Lagrangian having the values 0 for a massless particle and −1 for a massive particle and E,
J are constants identified as the energy per unit mass and the angular momentum respectively.
Now we proceed to discuss the motion of the massless and the massive particle for the radial geodesic.
The radial geodesic equation (J = 0) is (
dr
dτ
)2
= E2 + Lf(r). (14)
Using Eq. (13), Eq. (14) becomes (
dr
dt
)2
= (f(r))
2
(
1 + f(r)
L
E2
)
. (15)
Then, by inserting f(r) from Eq. (3), Eq. (15) reads(
dr
dt
)2
=
(
(r − r−)(r − r+)
(r − r0)(2−2n)(r + r0)2n
)2(
1 +
(r − r−)(r − r+)
(r − r0)(2−2n)(r + r0)2n
L
E2
)
. (16)
4A. Massless particle motion (L = 0)
For the motion of a massless particle the Lagrangian L vanishes. In this case the equation for the radial geodesic
(16) becomes (
dr
dt
)2
=
(
(r − r−)(r − r+)
(r − r0)(2−2n)(r + r0)2n
)2
. (17)
After integrating we get
±t = r + ln(r − r−)r
2
r− − r+ −
ln(r − r−)r20
r− − r+ −
ln(r − r+)r2+
r− − r+ +
ln(r − r+)r20
r− − r+ . (18)
Again from Eq. (14) we obtain for L = 0
Fig.1: Graphs of t− r (left) τ − r (right) for a massless particle.
(
dr
dτ
)2
= E2, (19)
from which we have a τ − r relationship
± τ = r
E
. (20)
In Fig. 1 (left) t is plotted with respect to the radial coordinate r and in Fig. 1 (right) the proper time (τ) is plotted
with respect to the radial coordinate r for a massless particle.
B. Massive particle motion (L = −1)
For a massive particle the Lagrangian L is −1 and from Eqs. (14) and (15) we obtain for the motion of a massive
particle the relationships between t and r and τ and r respectively as
±t =
∫
Edr(
(r−r−)(r−r+)
(r−r0)(2−2n)(r+r0)2n
)(
E2 − (r−r−)(r−r+)
(r−r0)(2−2n)(r+r0)2n
) 1
2
(21)
±τ =
∫
(r − r0)(1−n)(r + r0)ndr(
E2(r − r0)(2−2n)(r + r0)2n − (r − r−)(r − r+)
) 1
2
. (22)
In Fig. 2 the graphs of t with respect to the radial coordinate r (left) and of the proper time τ with respect to the
radial coordinate r (right) for a massive particle are presented.
5Fig.2: Graphs of t− r (left) τ − r (right) for a massive particle.
IV. THE EFFECTIVE POTENTIAL
From the geodesic Eq. (11) we have
1
2
(
dr
dτ
)2
=
1
2
[
E2 − f(r)
(
J2
h(r)
− L
)]
. (23)
After comparing the above equation with the well known equation 12
(
dr
dτ
)2
+Veff=0, we obtain the following expression
for the effective potential:
Veff = −1
2
[
E2 − f(r)
(
J2
h(r)
− L
)]
. (24)
From Eq. (24) one can see that the effective potential depends on the energy per unit mass, E and the angular
momentum, J .
A. Massless particle case (L = 0)
For the radial geodesics (J = 0), Eq. (24) yields
Veff = −E
2
2
(25)
and the particle behaves like a free particle if E = 0.
Now we consider the circular geodesics (J 6=0). The corresponding effective potential is given by
Veff = −E
2
2
+
J2
2
(r − r−)(r − r+)
(r + r0)4n
. (26)
For E 6= 0 and J = 0 we infer from Eq. (26) that the effective potential does not depend on the charge and the
mass of the black hole in generalized dilaton-axion gravity. The shape of the effective potential for E 6= 0 is shown in
the Fig. 3 (left) for J = 6 (solid curve) and J = 0 (dotted line). We notice that for a non zero value of J , the effective
potential aquires a minimum, implying that stable circular orbits might exist. For J = 0, there are no stable circular
orbits.
Now if we consider E = 0 and circular geodesics, i.e. J 6=0, then from Eq. (26), it is clear that the roots of the
effective potential are the same as the horizon values. Further, the effective potential is negative between its two
roots, i.e. between the horizons. Hence, since the effective potential has a minimum value stable circular orbits must
exist, a conclusion that is confirmed in Fig. 3 (right).
6Fig.3: Graphs of Veff− r with E = 10, J = 6 and J = 0 (left) and Veff− r with E = 0 and J = 1 (right), for a massless particle.
B. Massive particle case (L = −1)
The effective potential for the massive particle is obtained from Eq. (24) as
Veff = −1
2
[
E2 − f(r)
(
J2
h(r)
+ 1
)]
. (27)
Now, for the radial geodesics with J = 0, E = 0, the above equation yields
Veff =
1
2
(r − r−)(r − r+)
(r − r0)(2−2n)(r + r0)2n . (28)
From Eq. (28) we notice that the solutions for the effective potential coincide with the horizon values for radial
geodesics with E = 0, which is demonstrated graphically in Fig. 4 (left). Further, from Fig. 4 (left) one can see that
the motion of the particle is bounded in the interior region of the black hole. The behaviour of the effective potential
for E 6= 0 is depicted in the bottom part of Fig. 4 (left). In this case, we also deduce that a bound orbit is possible
for the massive particle.
Next we will consider the motion of a test particle with non-zero angular momentum. For E = 0, the roots of the
effective potential coincide with the horizons (see Fig. 4 (right)). Thus the particle is bounded in the interior region
of the black hole.
V. MOTION OF A TEST PARTICLE
In this section we study the motion of a test particle of mass M and charge e in the gravitational field of a charged
black hole in generalized dilaton-axion gravity. The Hamilton-Jacobi equation [11] is
gik
(
∂S
∂xi
+ eAi
)(
∂S
∂xk
+ eAk
)
+M2 = 0, (29)
7Fig.4: Graphs of Veff − r with J = 0, E = 0 and E = 1.5 (left) and Veff − r with J = 1 and E = 0 (right), for a massive
particle.
where gik, Ai are the metric potential and the gauge potential respectively and S is Hamilton’s standard characteristic
function. The explicit form of the Hamilton-Jacobi equation for the line element (2) is
− 1
f(r)
(
∂s
∂t
+
eQ
r
)2
+ f(r)
(
∂S
∂r
)2
+
1
h(r)
(
∂S
∂θ
)2
+
1
h(r) sin2 θ
(
∂S
∂φ
)2
+M2 = 0, (30)
where Q is the charge of the black hole. To solve the above partial differential equation, let us assume a separable
solution in the form
S(t, r, θ, φ) = −Et+ S1(r) + S2(θ) + Jφ, (31)
where E and J are the energy and angular momentum of the particle respectively. After some simplification we obtain
S1(r) = 
∫ 
(
E − eQr
)2
f2
− p
2
fh
− M
2
f

1
2
, (32)
S2(θ) = 
∫ (
p2 − J2cosec2θ) 12 , (33)
where  = ±1 and p is the separation constant also known as the momentum of the particle.
The radial velocity of the particle is given by
dr
dt
= f2
(
E − eQ
r
)−1 [
1
f2
(
E − eQ
r
)2
− p
2
fh
− M
2
f
] 1
2
. (34)
The turning points of the trajectory are obtained by the vanishing of the radial velocity, drdt = 0, which yields(
E − eQ
r
)2
− p
2f
h
−M2f = 0. (35)
After solving this equation for E, we get
E =
eQ
r
+
√
f
(
p2
h
+M2
) 1
2
. (36)
8The effective potential is obtained from the relation V (r) = EM as follows:
V =
eQ
Mr
+
√
f
(
p2
M2h
+ 1
) 1
2
. (37)
Using Eqs. (3) and (4) the effective potential becomes
V (r) =
eQ
Mr
+
(
1 +
p2(r − r0)2n−2
M2(r + r0)2n
)( √
(r − r)(r − r+)
(r − r0)1−n(r + r0)n
)
. (38)
In the stationary system (dVdr = 0) we obtain
− eQ
Mr2
+
1
2
((r − r−)(r − r+))
1
2
(
p2(r−r0)2n−2(2n−2)
M2(r−r0)(r+r0)2n −
2p2n(r−r0)2n−2
M2(r+r0)2n+1
)
(
1 + p
2(r−r0)2n−2
M2(r+r0)2n
) 1
2
(r − r0)1−n(r + r0)n
+
1
2
(2r − r+ − r−)
(
1 + p
2(r−r0)2n−2
M2(r+r0)2n
) 1
2
((r − r−)(r − r+))
1
2 (r − r0)1−n(r + r0)n
−
(1− n)
(
1 + p
2(r−r0)2n−2
M2(r+r0)2n
) 1
2
((r − r−)(r − r+))
1
2
(r − r0)2−n(r + r0)n
−
n
(
1 + p
2(r−r0)2n−2
M2(r+r0)2n
) 1
2
((r − r−)(r − r+))
1
2
(r − r0)1−n(r + r0)n+1 = 0. (39)
In order to use a more simplified equation and thus be able to visualize it by plotting its graph, one may select some
specific value for n. Here we choose n = 0.5 (since 0 < n < 1) and the simplified form of equation (39) is given by
α(r) :=
2eQ(r2 − r20)
1
2
Mr2
+
2r ((r − r−)(r − r+))
1
2
(r2 − r20)
(
p2
M2(r2 − r20)β
+ β
)
− (2r − r+ − r−)β
((r − r−)(r − r+))
1
2
= 0, (40)
where β =
(
1 + p
2
M2(r2−r20)
) 1
2
.
A. Test particle in static equilibrium
The momentum p must be zero in the static equilibrium system, thus from Eq.(40) we get(
4e2Q2 −M2(2r−r+ + r2+ − r2−)
)
r8 +
(−4e2Q2(r− + r+) + 4M2(r20r− + r20r+r2−r+ + r−r2+)) r7
+
(
4e2Q2(r−r+ − 3r20)− 2M2(6r20r−r+ + r20r2− + r2−r2+ + r20r2+ − r40)
)
r6
+
(
12e2Q2r20(r− + r+) + 4M
2r20(r+r
2
− + r
2
+r− + r
2
0(r+ + r−))
)
r5
+
(
12e2Q2r20(r
2
0 − r+r−)−M2r40(2r+r− + r2+ + r2−)
)
r4
−12e2Q2r40(r+ + r−)r3 + 4e2Q2r40(3r+r− − r20)r2 + 4e2Q2r60(r+ + r−)r − 4e2Q2r60r+r− = 0. (41)
We notice that the last term of the above equation is negative. So, this equation has at least one positive real root.
Consequently, a bound orbit is possible for the test particle, i.e. the test particle can be trapped by a charged black
hole in generalized dilaton-axion gravity. In other words, a charged black hole in generalized dilaton-axion gravity
exerts an attractive gravitational force on matter.
9B. Test particle in non-static equilibrium
1. Test particle without charge (e = 0)
In this case Eq.(40) becomes
M2(r− + r+)r4 − 2(r20M2 + r−r+M2 + p2)r3 + 3p2(r+ − r−)r2
+2(r4M2 − r20p2 + r20M2r+r− − 2p2r+r−)r + r20(r+p2 + r−p2 −M2r20r+ −M2r20r−) = 0. (42)
If M2r20r+ + M
2r20r− > r+p
2 + r−p2, one can see that the last term of the above equation is negative. Therefore,
this equation must have at least one positive real root. Consequently, a bound orbit for the uncharged test particle is
possible. If M2r20r+ +M
2r20r− = r+p
2 + r−p2, then Eq. (42) changes to a third degree equation with two changes of
sign. By Descarte’s rule of sign, this equation must have either two positive roots or no positive roots at all. Thus, a
bound orbit for the uncharged test particle may or may not be possible. For M2r20r+ +M
2r20r− < r+p
2 + r−p2, Eq.
(42) has two changes of sign. Here, again a bound orbit for the uncharged test particle may or may not be possible.
2. Test particle with charge (e6=0)
For a charged test particle with n = 0.5, the stationary system (dVdr = 0) yields the form given in Eq.(40). As this
equation is algebraically very complicated, we use the graph of α(r) in order to find out whether there exist any real
positive roots. From Fig. 5 one can see that, for different values of the test particle’s charge, α(r) given by Eq. (40),
does not intersect the r-axis. Hence, no real positive roots are possible. As a result, no bound orbit for the charged
test particle is possible.
Fig.5: Graph of α(r) given in Eq. (40) for different values of the test particle’s charge.
VI. DISCUSSION
In the present investigation, we have analyzed the behaviour of massless and massive particles in the gravitational
field of a charged black hole in generalized dilaton-axion gravity in four dimensions. To this purpose, we have studied
the motion of a massless particle (L = 0) and a massive particle (L = −1). We have plotted the graphs of t and the
proper time τ with respect to the radial coordinate r. For the massless particle t increases non-linearly with r (Fig.
1 (left)), while the proper time τ increases linearly with r (Fig. 1 (right)). In the case of the massive particle motion
both t and τ decrease non-linearly with r (Fig. 2).
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Further, studying the effective potential we ended up with Eq. (24) from which we conclude that Veff depends on
the energy per unit mass E and the angular momentum J . For a massless test particle we found that Veff = −E22 in
the case of radial geodesics (J = 0), while if E = 0 the particle behaves like a free particle. In the case of circular
geodesics (J 6= 0), Veff is given by Eq. (26). In Fig. 3 the behaviour of Veff is presented for zero and non-zero E and
various values of J . From these graphs it can be inferred that for E 6= 0 and J 6= 0 the effective potential Veff has a
minimum and circular orbits are possible, while for E 6= 0 and J = 0 no stable circular orbits can exist. In the case
E = 0 and J 6= 0 the effective potential Veff changes sign two times between the horizons and stable circular orbits
must exist.
From the examination of the calculated effective potential, Eq. (27) for a massive particle, we have considered the
radial geodesics for the cases J = 0 and E = 0, J = 0 and E 6= 0, and J 6= 0 and E = 0. It is seen (Fig. 4) that in
the first case the roots of the effective potential coincide with the horizons’ positions and the particle’s orbit is bound
in the black hole’s interior. In the second case, a bound orbit is also possible. Finally, in the third case, i.e. when the
particle’s angular momentum does not vanish, the roots of the effective potential coincide again with the horizons’
positions and the particle’s orbit is bound again in the black hole’s interior.
As a last step we have examined the motion of a massive and charged test particle in the gravitational field of a
charged black hole in generalized dilaton-axion gravity by exploiting the Hamilton-Jacobi equation. The latter is set
up for the spacetime geometry considered and is analytically solved by applying additive separation of variables. As a
result, the particle’s radial velocity and the effective potential are determined in closed form. Then the case of static
equilibrium is examined and it is found that the charged test particle may have a bound orbit, i.e. it can be trapped
by a charged black hole in this context or, stated differently, the charged black hole exerts an attractive gravitational
force upon the charged particle in generalized dilaton-axion gravity. In the case of non-static equilibrium, we have
distinguished between an uncharged and a charged test particle. In the former case, conditions have been found for
the possibility of existence of the particle’s bound orbit. Finally, when the test particle carries a charge it is seen
graphically (Fig. 5) that no bound orbit is possible.
An interesting perspective for future work would be the study of the motion of charged or uncharged test particles
and the behaviour of geodesics for rotating black hole solutions or for black hole solutions in more than four spacetime
dimensions in the context of generalized dilaton-axion gravity.
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